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Abstract

This paper is devoted to the analysis of a pulsating MHD flow in a rectangular channel, submitted to an applied DC magnetic field
and an imposed harmonically oscillating thermo-acoustically generated pressure gradient. The resulting AC current is collected by
two electrodes placed on one either side of the channel. The walls of the channel are assumed electrically conducting. The channel
is considered sufficiently long to justify the hypothesis of a fully developed flow. The analytical solution proposed is based on a
simultaneous resolution of the Navier–Stokes and induction equations. This solution is limited to moderate values of the magnetic
Reynolds number.
© 2006 Elsevier Masson SAS. All rights reserved.
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1. Introduction

The thermo-acoustic generator [1] transforms heat into mechanical energy. The principle of the thermo-acoustic
effect is based on the application of a temperature gradient imposed across a stack of plates. When the temperature
gradient reaches a sufficiently high value, a pressure wave forms, which propagates along the closed thermo-acoustic
tube at the velocity of sound.

An MHD generator channel is connected in series with the thermo-acoustic tube. The pressure oscillations produce
velocity oscillations that can be converted into electricity by interaction with an externally applied magnetic field.
The system is schematised in Fig. 1. This thermodynamic process thus allows direct conversion of heat into electricity
without any moving mechanical part and without any fluid loop. It is very simple and has numerous possible industrial
applications. It is compatible with any heat source and can be adapted for use on isolated sites (in space for example),
at moderate power levels. The process is much simpler than the previous MHD power generator, which was based on
the use of a double liquid/gas loop [2–4].

The present work is focused on the characterisation of the MHD channel, where the transformation of mechanical
energy into electrical energy occurs. In particular, it is concerned with the oscillating flow in a very long MHD channel
of rectangular cross-section and thin conductive walls (Fig. 2). The length LB of the channel is much greater than the

* Corresponding author.
E-mail address: antoine.alemany@hmg.inpg.fr (A. Alemany).
0997-7546/$ – see front matter © 2006 Elsevier Masson SAS. All rights reserved.
doi:10.1016/j.euromechflu.2006.10.006



480 C. Vogin, A. Alemany / European Journal of Mechanics B/Fluids 26 (2007) 479–493
Fig. 1. Schematic representation of the thermo-acoustic engine coupled with an MHD generator.

Fig. 2. Views of the MHD channel. The vertical magnetic field interacts with the pulsating flow. The resulting current is collected by two lateral
electrodes.

other dimensions (width 2l and thickness 2a) so it can be considered as infinitely long. The wall thickness of this
channel ew and its electrical conductivity σw are such that the thin wall hypothesis can be assumed [5,6]. A liquid
metal of density ρ, dynamic viscosity μ, magnetic permeability μ0 and electrical conductivity σ , oscillates in the
channel in the x direction with a velocity amplitude u0 and a pulsation ω. This occurs due to the oscillatory pressure
gradient of amplitude �p/LB. The oscillating flow in the MHD channel is submitted to a constant external magnetic
field �B0 = B0�ey imposed by an inductor. This generates an AC electrical current following from the interaction
between the magnetic and the velocity fields. The current is collected by two electrodes placed at z = ±l (Fig. 2)
which are used to supply a load which is here assimilated by the resistance R (Figs. 2, 3).

The influence of conducting walls on a low magnetic Reynolds number steady state MHD flow has been studied
by relatively few authors (see for example Cuevas [7]) while the pulsating MHD flow has only been studied for the
case of insulating walls (see Ibanez et al. [8]). The present study of the pulsating MHD flow assumes that the walls
of the channel are electrically conducting and takes into account the influence of the magnetic Reynolds number Rm

(this will be defined later in the text).
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Fig. 3. Equivalent electrical circuit of the generator. The electric lines close partially in the load and partially in the channel walls. The part of the
electric current closing in the boundary layers is not represented here.

The study combines the competition of two phenomena, which govern the flow configuration: the inertial effect
and the magnetic field effect. In this work an exact analytical solution for both the velocity and induced magnetic field
in a non-stationary (i.e. pulsating) flow is given.

The method of resolution is based on the characterisation of the magnetic field perturbation to determine the elec-
tromagnetic force field. In other studies the hypothesis of low magnetic Reynolds number is used to justify neglecting
the induced field in the formulation of the problem (see for example the Ibanez et al. [8]).

The influence of the wall conductivity is taken into account, whereas other studies apply conditions of either
insulating walls or perfectly conducting walls, which can lead to over-simplification of the boundary conditions. The
concept of the wall conductance ratio [5,6] used in the formulation of the problem means that the wall conductivity
can now be included in the boundary conditions. This of course supposes a homogeneous distribution of the electric
current in the wall (small wall hypothesis). This hypothesis can be used in the following condition:

The depth of penetration, δp , of the oscillating magnetic perturbations with a pulsation frequency ω, inside the
wall, is to a good approximation:

δp ≈
√

1

μ0σwω
,

the wall magnetic permeability, μ0, is taken equal to that of the fluid. Assuming that the induced magnetic field, and
consequently the induced electric current, is uniformly distributed in the wall (ew) so that δp > ew , then one can write:

δp

ew

=
√

1

μ0σwωe2
w

> 1 → μ0σwωe2
w < 1.

By introducing the electrical conductivity of the fluid, σ , and the thickness a of the MHD channel (see Fig. 2), the
above expression can be written as:

μ0σωa2
(

e2
wσw

a2σ

)
< 1 → Rm

(
e2
wσw

a2σ

)
< 1.

This expression contains the non-dimensional inductance ratio define as Ir = e2
wσw/(a2σ). With the hypothesis of

moderate values of the magnetic Reynolds number Rm, the inductance ratio must be lower than 1, i.e.

Ir = e2
wσw

a2σ
< 1.

This condition can be relaxed if the magnetic Reynolds number itself is much lower than 1.
It can be seen that if the wall is of finite depth, its conductivity cannot become infinite within the limits of the

proposed theory.
Some of the formulations proposed in the present paper can be found in the Moreau book [9].

2. Formulation of the problem

2.1. Governing equations

The basic equations are
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(i) The Maxwell equations,

�∇ ∧ �E = −∂ �B
∂t

⇒ �∇ · �B = 0, (1)

�∇ ∧ �B = μ �j ⇒ �∇ · �j = 0, (2)

(ii) the Ohm’s law,

�j = σ( �E + �V ∧ �B), (3)

(iii) the Navier–Stokes equation in which is included a term for the electromagnetic force,

d �V
dt

= − 1

ρ
�∇p + ν · � �V + 1

ρ
�j ∧ �B and (4)

(iv) the continuity equation, which is not explicitly used.

In these equations, �V is the fluid velocity, �E the electrical field, �J the current density, p the pressure and ν = μ/ρ

the kinematic viscosity. The magnetic field �B, �B = �B0 + �b, is equal to the sum of the imposed and induced magnetic
fields ( �B0 and �b respectively).

The combination of Maxwell equations and Ohm’s law gives the well-known induction equation,

∂
⇀
B

∂t
= �∇ ∧ �V ∧ ⇀

B − 1

μ0σ
�

⇀
B. (5)

For the channel geometry it is assumed that LB 	 l 	 a, which leads to the approximation:

∂

∂x

 ∂

∂y

∂

∂z

 ∂

∂y
. (6)

Considering the case of an established flow in x direction means that the velocity field can be written:

�V = u(y)�ex. (7)

Assuming that the induced magnetic field is much lower than the imposed one, the induced electric current �j becomes:

�j =
⎧⎨
⎩

jx = σEx,

jy = σEy,

jz = σ(Ez + uBy).

(8)

The equation of conservation of the electric current

�∇ · �j = ∂jx

∂x
+ ∂jy

∂y
+ ∂jz

∂z
= 0

combined with the approximation (6) gives:

∂Ex

∂x
≈ ∂Ez

∂z
≈ 0 ⇒ ∂Ey

∂y
= 0. (9)

Assuming that there is no imposed voltage drop along the axial direction leads to Ex = 0. On the other hand, and
because Ey vanishes inside the thin wall of the channel, the continuity of the y component of the current density at
the interface between the wall and the fluid imposes that Ey = 0 everywhere. The value of Ez depends on the closure
of the electrical current and thus on the value of load resistance R. To summarise the hypothesis, the electrical field
distribution is assumed to be of the form:

�E =
{

Ex = 0,

Ey = 0, (10)

Ez = Ez(y,R).
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This distribution of the electrical field defines the form of the current density:

�j =
{

jx = 0,

jy = 0,

jz = jz(y).

(11)

Consequently the induced magnetic field has only a single component in x direction:

�b =
{

bx,

0,

0.

(12)

2.2. Definition of the main variables

The imposed pressure distribution along the channel, which is the driving force of the flow, is assumed to be of the
form:

p = p0 + Re

(
�p

LB

xeiωt

)
= p0 + Re

(
p1eiωt

)
(13)

where only the real part of the complex numbers are of physical interest. Other variables are supposed to have the
same harmonically oscillating behaviours.

u = Re
(
u0eiωt

)
,

�B = �B0 + �b = �B0 + bx = �B0 + beiωt . (14)

At the end of each cycle, the fluid comes back to its initial position and consequently the velocity has no mean value.
The induced magnetic field bx is the perturbation of the imposed magnetic field generated by the pulsating velocity.

2.3. Dimensionless analysis and governing dimensionless equations

By choosing the following characteristic typical scales: a for the length, B0 for the magnetic field, 1/ω for the
time and ωa for the velocity, the scale for the electric current density can be defined as B0/(μ0a) and for the typical
electric field as ωaB0. Consequently the current scale B0a/μ0 and the electrical resistance per unit length of the
channel 1/(σa) allows us to define a typical scale for the electrical power B2

0a/(μ2
0σ).

Introducing the velocity and magnetic field distribution in the Navier–Stokes (4) and induction equations (5),
neglecting the second order perturbation field (linearised equations), and taking into account the typical scales given
above leads to the following dimensionless governing equations:

iu∗ = −Kp + 1

Rω

∂2u∗

∂y∗2
+ N

Rm

∂b∗
x

∂y∗ , (15)

ib∗
x = ∂u∗

∂y∗ + 1

Rm

∂2b∗
x

∂y∗2
(16)

with Kp = �p/(LBω2ρa) representing the dimensionless imposed driving pressure gradient, u∗ and b∗ are the di-
mensionless axial components of the velocity and induced magnetic field respectively. As can be seen in Eqs. (15)
and (16), the physical phenomena are controlled by three parameters:

(1) The classical Reynolds number

Rω = ρωa2

μ
, (17)

representing the ratio of inertia forces to viscous forces.
(2) The magnetic Reynolds number

Rm = μ0σωa2, (18)

which is the ratio of characteristic time of magnetic field diffusion to characteristic time of magnetic field con-
vection, and
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(3) the so-called interaction parameter

N = H 2
a

Rω

= B2
0σ

ωρ
, (19)

which is the ratio of electromagnetic forces to inertia forces.

One can now introduce the Hartmann number,

Ha = √
NRω = B0a

√
σ/μ (20)

as the ratio of electromagnetic forces to viscous forces. This is often used in MHD flow studies. Thus the problem can
be characterised by only three of the four independent dimensionless parameters defined above.

3. Analytical solution of the problem

3.1. General solution

Combining Eqs. (15) and (16) and assuming that Rm 
 Rω gives a new system:

∂4b∗
x

∂y∗4
− Rω(N + i)

∂2b∗
x

∂y∗2
− RωRmb∗

x = 0, (21)

iu∗ = −Kp + 1

Rω

∂2u∗

∂y∗2
+ N

Rm

∂b∗
x

∂y∗ . (22)

The solution of Eq. (21) can be easily calculated and gives the following form for the induced magnetic field distrib-
ution:

b∗
x = C1 sinh(α1y

∗) + C2 sinh(α2y
∗) + C3 cosh(α1y

∗) + C4 cosh(α1y
∗). (23)

Introducing this distribution of the induced magnetic field in Eq. (22) leads to an expression for the velocity profile:

u∗ = C1

[
i

α1
− α1

Rm

]
cosh(α1y

∗) + C2

[
i

α2
− α2

Rm

]
cosh(α2y

∗)

+ C3

[
i

α1
− α1

Rm

]
sinh(α1y

∗) + C4

[
i

α2
− α2

Rm

]
cosh(α2y

∗) + iKp (24)

with,

α1 =
√

B + √
B2 + 4C

2
, α2 =

√
B − √

B2 + 4C

2
, B = Rω(N + i), C = RωRm.

The system (23) and (24) needs four adequate boundary conditions to specify the values of C1, C2, C3 and C4.

3.2. Boundary conditions

The non-slip condition and symmetry of velocity and induced magnetic field gives:

u∗(y∗ = 1) = 0, (25)
∂u∗

∂y∗ (y∗ = 0) = 0, (26)

b∗
x(y

∗ = 0) = 0. (27)

A fourth condition is needed to specify the global solution. This will result from the closure of current density lines
in the wall, in the fluid and in the load resistance. The closure of current lines is controlled by the electrical field. In
the core of the channel the term �u ∧ �B dominates the electrical field so the current lines pass through the channel,
whereas in the vicinity of the walls the non-slip condition decreases the velocity and the electrical field becomes higher
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than the �u ∧ �B term, imposing an inverse electrical line distribution. To first order, the system can be represented by
an equivalent electrical circuit (see Fig. 3), where the channel is replaced by a generator which have an equivalent
internal resistance r traversed by a current I , and where the load R and the walls of the channel are two resistances
in parallel, traversed respectively by currents I ′ and i. As in previous works (see for example [6,9]), the electrical
boundary condition uses the concept of the load factor K which can be roughly interpreted as the ratio of the voltage
at the load resistance (RI ′) over that produced by the generator U = RI ′ − rI (I ′ and I have opposite sign). Using
current conservation in the circuit, I + i + I ′ = 0, and taking into account the fact that the voltage drop inside the
walls is equal to the voltage drop inside the load, i.e. RI ′ = rwI , the load factor can be written in the form:

K = RI ′

RI ′ − rI
= RI ′

RI ′ − r(−i − I ′)
= RI ′

RI ′ + rI ′ + (rR/rw)I ′ ,

K = 1

1 + r/R + r/rw
, (28)

R = r

(1 − K)/K − σwew/(σa)
. (29)

In the definition (28) of the load factor, r = l/(σaLB) is the internal resistance of the fluid and rw = l/(σwewLB) the
wall resistance. So it is of use in the following to introduce the conductance ratio Cw = σwew/σa which characterises
the ratio of wall conductance over fluid conductance.

If the load resistance R vanishes, K = 0. This corresponds to a short circuit configuration, and the power output
vanishes. If R → ∞ the current lines close in the walls and in the fluid and the power output is again zero. Moreover
if the walls are insulating, K = 1, the current lines can only close within the fluid. In the case of a perfect system
characterised by a closure of the electrical lines only in the external finite resistance, K is (to the first order) the
power consumed in the load resistance over the power produced by the MHD channel. This parameter is consequently
connected to the electrical efficiency of the system.

In the definition for the final boundary condition, the electrical current in the fluid can be expressed as a function
of bx ,

I =
∫∫

( �j · �ez)dx dy = −LBB0

μ0

1∫
−1

db∗
x

dy∗ dy∗,

I = −2LBB0

μ0
b∗
x(y

∗ = 1). (30)

Using the thin wall approximation and assuming continuity of the electrical field at the liquid/wall interface
(y∗ = 1) gives:

Ez(y = a) = jw

σw

= j (y = a)

σ
, (31)

the subscript w referring to the “wall”. The current density at the wall can also be expressed as a function of bx :

i =
∫∫

( �j · �ez)dx dy = −2LBewjw = 2LBew

σw

σ
j (y = a),

i = −2LB

σwew

σa

B0

μ0

db∗
x

dy∗ (y∗ = 1).

(32)

Considering that, according to Fig. 3, the external load and the wall resistances are in parallel and then submitted to
the same voltage drop, the electrical current in the load takes the form:

I ′ = (Ez)y=a2l

R
= − 2B0

aσRμ

(
db∗

x

dy∗

)
∗

. (33)

0 (y =1)
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Taking into account the continuity of the electrical current at the electrode, I + I ′ + i = 0, leads to the following
expression for the fourth boundary condition:

b∗
x(y

∗ = 1) = K − 1

K

∂b∗
x

∂y∗ (y∗ = 1) or

b∗
x(y

∗ = 1) = β
∂b∗

x

∂y∗ (y∗ = 1), β = K − 1

K
. (34)

3.3. Analytic and asymptotic solutions

These four boundary conditions allow the determination of the four constants of integration in Eqs. (23) and (24):

C1 = −iKp

A∗ cosh(α1)

1

1 − ((tanhα1 − β tanhα1)/(tanhα2 − β tanhα2))B∗/A∗ , (35)

C2 = −iKp

βα1 − tanhα1

[tanhα2 − βα2 − (B∗/A∗)(tanhα1 − βα1)]A∗ coshα2
, (36)

A∗ = i

α1
− α1

Rm

, B∗ = i

α2
− α2

Rm

,

C3 = 0, (37)

C4 = 0, (38)

and consequently fix the solution of the problem.
This solution takes a simplified form in the two asymptotic cases corresponding to high values of the interaction

parameter N :

C1 ∼= −KpRm

Ha coshHa

(
1

i + (1 − K)N

)
, C2 ∼= iKp

√
Rm

N

[
N(K − 1)

1 + iN(K − 1)

]
. (39)

In the derivation of the expressions (39) the following approximations have been used,

A∗ ∼= − Ha

Rm

, B∗ ∼=
√

N

Rm

,

which leads to simplified expressions for both the velocity and induced magnetic field:

u∗ ∼= Kp

i + (1 − K)N

[
eHa(y•−1) − 1

]
, b∗

x
∼= KpRm(1 − K)

i + (1 − K)N
y∗. (40)

In contrast, for small values of the interaction parameter the expressions (35) and (36) of the two constants C1 and C2
become:

C1 ∼= iKpRm√
iRω cosh

√
iRω

, C2 ∼= (K − 1)Kp

√
iRm, (41)

in which the following approximations have been used:

A∗ = −√
iRω

Rm

, B∗ ≈ 0.

This results in the expressions:

u∗ ∼= iKp

(
1 − e

√
iRω(y∗−1)

)
, b∗

x
∼= i(K − 1)KpRmy∗. (42)

4. Results and discussion

4.1. Velocity and magnetic field evolution

The solutions of Eqs. (23) and (24) with the proper values of the constant C1, C2, C3 and C4 given by the expres-
sions (35)–(38) versus the parameters Rm, Rω, N and K are presented on Figs. 4–6. The main values used for the
dimensionless parameters are given on Table 1. These values correspond to the use of the liquid sodium.
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Fig. 4. Velocity profile near the wall (0.9 < y∗ < 1) for three successive instants separated by a period of time equal to 2π/9ω, for conditions
corresponding to Table 1 and for N = 1. The phase shift, due to the viscosity, between the core of the flow and the boundary layers can be seen
clearly.

Fig. 5. Dimensionless velocity amplitude u∗(y∗ = 0) versus load
factor K for Rm = 0.33, Rω = 132974 and four values of N .

Fig. 6. Dimensionless induced magnetic field amplitude
b∗(y∗ = 0.99) versus load factor K for Rm = 0.33, Rω = 132974,
and four values of N .

Table 1
Principal values used for the numerical applications

Rm Rω Kp Cw R

0.3333 132974 0.6426 0.07286 0.0000182/((1/K) − 1.072986)

Fig. 4 shows the velocity profile at different instants in a velocity cycle for N = 1. A phase shift can be clearly ob-
served between the core velocity and the velocity distribution inside the boundary layers. This phase shift is generated
by the viscosity that reduces the amplitude of the inertia forces near the walls.

Figs. 5 and 6 show the evolution of both velocity and induced magnetic field versus the load factor K for fixed
values of magnetic Reynolds number Rm and Reynolds number Rω and four values of the interaction parameters N .
It can be seen that the velocity decreases when the interaction parameter increases. This results from the influence
of the electromagnetic forces (opposed to the driving pressure gradient) which increases when the magnetic field
and the Hartmann number increase. The results represented by the two figures can be easily interpreted by using the
asymptotic solutions given by expressions (40) and (42).

It can be seen also in Fig. 5 that for a load factor close to 1, all the curves converge towards a single value. This can
be explained by the fact that, to first order, the electrical current is confined to the cross-section of the channel and the
integral of the current density, the total electric current, is equal to 0. Consequently the global electromagnetic force
vanishes. With this condition the intensity of the velocity depends on the equilibrium between the driving pressure
gradient and the inertia forces. Zooming on the point of convergence in Fig. 5 it can be observed that both the velocity
and induced magnetic field values show a small dependence on the interaction parameter that will be explained later
(see for example Fig. 11).

Fig. 6 represents the evolution of the induced magnetic field in the vicinity of the wall (for y∗ = 1) versus the load
factor. This goes to 0 when K tends to 1. This is in agreement with Eq. (34) which characterises the closure of the
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Fig. 7. Dimensionless velocity amplitude u∗(y∗ = 0) versus Rm for
N = 1, Rω = 132974, and four values of K .

Fig. 8. Dimensionless induced magnetic field amplitude
b∗(y∗ = 0.99) versus Rm for N = 1, Rω = 132974 and four
values of K .

electric current; when K = 1, bx is equal to 0. On the other hand it can be observed that all the curves have a common
slope for K = 1. This can be interpreted in the following manner: In the vicinity of the wall and for values of K close
to 1 the current density is:

Jz∼=a
∼= σEz

∼= −σu0B0 ∼= −∂bx

∂y
(y ∼= a). (43)

Using the induced magnetic field gradient expression given by (34) leads to:

bx(y = a) = μ0σu0aB0
K − 1

K
= RmB0u

∗
0
K − 1

K
. (44)

For K ∼= 1, the amplitude of velocity, u∗
0 ≈ Kp results essentially on the equilibrium between inertia and pressure

forces. In dimensionless form, this becomes:(
∂b∗

x

∂K

)
K∼=1

∼=
(

KpRm

K2

)
K∼=1

. (45)

Thus the slope of all the curves, ∂b∗
x/∂K , converges toward the value of the product (KpRm) when K approaches 1.

This is also in agreement with the simplified formula corresponding to N 	 1 (40) or to N 
 1 (42).
Figs. 7 and 8 show the maximal amplitudes of velocity and induced magnetic field versus the magnetic Reynolds

number Rm for fixed interaction parameter N and Reynolds number Rω and four load factors K .
It can be seen in Fig. 7 that for a given value of the magnetic Reynolds number the velocity increases when the load

factor increases, in agreement with Fig. 5. It can be seen also that for large Rm all the curves seem to converge to the
asymptotic value obtained for K = 1 (even if, on the figure, the values of Rm are limited to 1). This can be explained
easily; when Rm increases, the depth of penetration, δ, of the induced magnetic field bx which is in the liquid media
of order,

δ

a
≈

√
1

Rm

,

decreases. When Rm tends to infinity the magnetic field is confined to the edge of the flow and the electromagnetic
forces vanish almost everywhere else. In that case the flow is controlled again by an equilibrium between the inertia
forces and the driving pressure gradient.

Fig. 8 shows the evolution of the induced magnetic field versus the magnetic Reynolds number. Clearly the induced
field increases (for small or moderate Rm values) when Rm is increasing and decreases when the load factor K

increases. This results from the fact that when K increases, the current density in the generator decreases as does the
induced field.

Figs. 9 and 10 show the maximum amplitudes of velocity and induced magnetic field versus the interaction para-
meter N for fixed Reynolds and magnetic Reynolds number, Rω and Rm respectively, and different values of the load
factor K .
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Fig. 9. Dimensionless velocity amplitude u∗(y∗ = 0) versus N ,
Rω = 132974, for Rm = 0.33 and four values of K .

Fig. 10. Dimensionless induced magnetic field amplitude
b∗(y∗ = 0.99) versus N for Rω = 132974, Rm = 0.33, and four
values of K .

Fig. 11. Zoom of the characteristic point of Fig. 6: Evolution of u∗ versus N for K = 1.

It is clear from Fig. 9 that for low values of the interaction parameter, the effect of the electromagnetic forces can
be neglected and the velocity is again controlled by an equilibrium between the inertia and pressure force. On the
contrary when the interaction parameter takes large values, the electromagnetic forces opposed to the pressure forces
are responsible for the decrease in the velocity that tends asymptotically to zero for infinite value of N . This effect is
more pronounced for small load factors corresponding to a high current density distribution.

The interpretation of Fig. 10 is of the same nature. When the interaction parameter increases, the flow velocity
decreases and the dimensionless induced current decreases (but the electromagnetic forces proportional to B2

0 increase
nevertheless). This corresponds to a decrease in the dimensionless induced field that leads to zero for high values of
the interaction parameter. This effect is more pronounced for lower values of the load factor corresponding to higher
current density.

Considering the particular case of load factor equal to 1 and operating a zoom on the evolution of the velocity versus
the interaction parameter, it can be seen that even if u∗ seems to be constant in Fig. 9, Fig. 11 reveals a characteristic
evolution which can be interpreted by considering two regimes of flow: The Hartmann and Inertia regimes. For low
values of N (Inertia regime), the electrical lines generated in the core of the flow close in the viscous layer controlled
by the oscillation frequency ω. In this case, when N increases (or ω decreases) the depth of the boundary layer
increases. Thus the global electrical resistance of the boundary layer decreases. Consequently that part of the electrical
current closing in the layer and the boundary layer electromagnetic force increases. This force directed in the same
sense as the driving pressure gradient increases the velocity (Fig. 11). This evolution ceases when the depth of the
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Hartmann layer becomes of the same order as the depth of the inertia layer, i.e. for an interaction parameter equal to 1.
For higher values (N > 1) (the Hartmann regime) when N increases, the flow becomes controlled by the Hartmann
layer that decreases when N or Ha increases. The electromagnetic forces in the core flow increase and the velocity
decreases. The transition between the two regimes takes place for an interaction parameter near to 1. In all the cases
(for any value of N ) the net current, sum of the electric current in the core and in the layers, is near to zero for this
particular case of load factor equal to 1. The magnetic field follows roughly the same evolution (not represented). For
small N when the velocity increases the intensity of both the induced electrical current and magnetic field increases.
After this first phase, the dimensionless induced field decreases, mainly because the velocity decreases for N larger
than 1.

4.2. Closure of the AC current with respect of boundary layers and walls characteristics

The physical explanation of the hydrodynamics and electrical regime that control the process can be summarised
as follows. The imposed alternating driving pressure forces are mainly balanced by both the electromagnetic forces
(Lorentz/Laplace forces) controlled by the magnetic field, and the inertia forces associated with the oscillation. Con-
sequently, two boundary layers are in competition in the system: The oscillating (viscous/inertia) layer of thickness,

δν ≈
√

μ

ωρ
,

similar to the Ekman layer in a rotating fluid [10], and the Hartmann layer of thickness a/Ha [6]. Depending on the
pulsation ω and on the magnetic field intensity, one of these two layers controls the closure of the induced electric
current. For high oscillation frequencies for example (small values of N ), the thickness of the boundary layer is
controlled by inertia. In this case the electric current closes in the oscillating (or inertia/viscous) layers. This situation
is referred to as the “inertia regime”. In contrast, for a large asymptotic magnetic field the electromagnetic forces
dominate and the induced electrical current closes classically in the Hartmann layer. This is referred to as the Hartmann
regime.

Each boundary layer can be characterised by a conductance ratio, CHa for the Hartmann layer, and Cω for the
oscillating viscous layer:

CHa = σδHa

σa
= 1

Ha

, (46)

Cω = σδν

σa
=

√
2μ

ωρa2
. (47)

The comparison between the wall conductance ratio Cw , and the conductance ratio characterising the two boundary
layers CHa and Cω gives the preference for the induced current to close in the wall or in one of the two layers.
If Cw/CHa 	 1 and Cw/Cω 	 1 the wall can be considered as perfectly conducting and the current lines close
preferentially in the wall; conversely if Cw/CHa 
 1 or Cw/Cω 
 1, the wall can be considered as isolating and
current lines close preferentially in one of the two layers. This case CHa > Cω corresponds to the Hartmann regime,
while CHa < Cω corresponds to the inertia regime. Fig. 12 schematically summarises the different situations.

4.3. Efficiency

The efficiency corresponds to the ratio between the electrical power extracted from the load and the mechanical
energy introduced in the system by the work of the driving pressure forces. Since the electrical circuit is assimilated
to a load resistance R, the electrical power Pe created to supply this circuit is simply the power dissipated by the Joule
effect in this resistance,

Pe = RI ′2, (48)

the bar denoting the average on a period. The total efficiency of the system is then defined by:

ηe = Pe
, (49)
Pe + P1 + · · · + Pn
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Fig. 12. Graph representing the different regimes of flows i.e. Hartman regime, inertia regime, conducting or insulating wall regimes. The dashed
line represents the region with small conductance ratio and small pulsation: the Hartmann regime. The bold line represents the region with small
conductance ratio and small Hartmann number: the inertia regime. The volume over represents the region with high conducting walls.

P1, . . . ,Pn being the power losses. There are two types of power losse, the Joule effect PJ in the fluid and in the walls
and the hydrodynamic viscous losses Pμ. They are defined by the following relations,

Pj = 2lLB

a∫
−a

J 2

σ
dy + rwi2 = lLBB2

0

μ0σa

1∫
−1

∣∣∣∣db∗
x

dy∗

∣∣∣∣
2

dy∗ + rwi2, (50)

Pμ = 2lLB

a∫
−a

μu
d2u

dy2
dy = lLBμω

1∫
−1

Re

[
ũ∗

x

d2u∗
x

dy∗2

]
dy∗, (51)

rw and i being the resistance and the electrical current in the walls of the channel respectively. The tilde denotes
complex conjugation and the bar the mean value over one period of oscillation, while Re designates the real value of
the quantity in the bracket.

Neglecting the viscous losses, the electrical efficiency is defined as:

ηe = Pe

Pe + PJ

. (52)

It can be observed in Fig. 13, that the evolution of the efficiency versus the Reynolds number Rω for small Rm,
K = 0.5, Ha = 500 and insulating walls, is in perfect agreement with the results of Ibanez et al. [8].

The observation (Fig. 13) confirms the existence of two asymptotic regimes. The zone such as Rω < 105 corre-
sponds to the Hartmann regime. In this case a part of the electrical current closes inside the Hartmann layer that
decreases when Ha increases, producing an improvement of the efficiency. For a given Hartmann number the elec-
trical efficiency conserves a constant value for low values of the Reynolds number. This regime is maintained until
the Hartmann layer reaches the same value as the viscous layer controlled by inertia, corresponding to a value of the
interaction parameter equal to 1. For Rω > 105 the inertia/viscous layer (of thickness

√
μ/ωρ ), becomes lower than

the Hartmann layer corresponding to the inertia regime and a part of the electrical current closes inside this layer
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Fig. 13. Electrical efficiency versus Reynolds number for Rm = 0.01
and Rm = 0.33 and for Rω = 13297, insulating walls, K = 0.5, and
three values for Ha . The curves for small Rm are in agreement with
Ibanez et al. [8]. The curve for Rm = 0.33 presents a decrease in
efficiency around N = 1 at the transition between the Hartmann and
inertial regimes.

Fig. 14. Efficiency of the generator versus the load factor K for three
conductance ratios, Cw = 0.01, Cw = 0.2 and Cw = 1. The other
parameters are indicated in Table 1. It can be seen that the efficiency
decreases when the conductance ratio increases. For Cw = 0.01 the
efficiency is characterised by two curves, one without the viscous
losses and the other one with the viscous losses. As can be seen the
influence of the viscosity is not very important in this range of para-
meters.

which decreases when the pulsation increases. So that part of the electrical current closing in this layer decreases
gradually with increasing ω, corresponding to an improvement in the efficiency. For large Rω the efficiency tends to
a maximum value that can be observed in Fig. 13. On the other hand it can be observed also that when the magnetic
Reynolds number is not negligible, say for example for Rm = 0.33, the evolution of the efficiency versus Rω presents
noticeable differences with the results obtained by Ibanez et al. [8] for very small magnetic Reynolds numbers. In this
case and for Rω < 105 (Hartmann regime) the decrease in electrical efficiency versus Rω results from the pulsation
of the induced magnetic field producing a superimposed electrical current distribution which does not contribute to
supply the load but generates additive Joule losses which increase when ω and consequently Rω increase. The same
phenomenon explains why the asymptotic value in the inertia regime is lower than that obtained for small Rm.

The total efficiency of the system taking account all losses is defined as:

η = Pe

Pe + PJ + Pμ

, (53)

and can be plotted as a function of the parameters K , Rm and N (see Figs. 14, 15).
Fig. 14 represents the typical evolution of the efficiency versus the load factor for different values of the conduc-

tance ratio. It can be seen that the efficiency vanishes for two typical values of the load factor corresponding to K = 0
(the load resistance is zero), and K = 1/(1 + Cw) (the load resistance becomes infinite). The maximum efficiency
attainable is located between these two values and depends of the conductance ratio, insulating walls being optimal.
It is clear that a part of the electric current passes inside the walls when they are conducting (Cw > 0),thus reducing
the efficiency. On the other hand for Cw = 0.01 the evolution of efficiency was calculated with and without viscous
losses. The small difference that can be observed at the maximum of the curves characterises this effect. It is negligi-
ble in the range of parameters used in the present study. Fig. 15 summarises the interpretation of Fig. 14 and shows
that when the conductance ratio increases, the maximum efficiency attainable decreases due to the by-pass of an in-
creasing part of the electrical current created in the core, inside the wall of the generator. It must be mentioned that
the maximum efficiency does not correspond exactly to the maximum power that can be extracted from the process.
For space applications for example, the concept of power density (i.e. the power per unit mass) is the most important
factor.

The evolution of the maximum efficiency versus the magnetic Reynolds number (not represented) is such that,
for very small magnetic Reynolds numbers, the efficiency increases against Rm and reaches a maximum value (cor-
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Fig. 15. Maximum efficiency attainable versus wall conductance ratio Cw .

responding roughly to N = 1). Thereafter the efficiency decreases slowly due to improvement of the Joule effect
generated by the pulsation of the induced magnetic field.

5. Conclusion

This study focused on the characterisation of an alternate MHD generator resulting from the use of the thermo-
acoustic effect to impose an oscillating driving pressure gradient. The effect of wall conductivity has been taken into
account and a solution found for small or moderate values of the magnetic Reynolds number. The role of the main
parameters that control the efficiency, i.e. the interaction parameter, the Reynolds number, the magnetic Reynolds
number, the load factor and the conductance ratio, has been analysed. Full optimisation of the system is not within the
scope of the present paper and requires a special study. Nevertheless, some indications can be given; the best efficiency
is obtained for relatively high values of the load factor (K > 0.8), moderate values of the interaction parameters
(N > 1.5), and for values of the magnetic Reynolds number close to 1. It is important to note here that the influence
of this last parameter is generally neglected in most studies.

It must be noted that, the electric current produced by this system using the conducting process is delivered at low
voltage and high intensity which is not necessarily best adapted for general use. It is the possibility offered by the
pulsating induced magnetic field (to increase the voltage level and decrease the intensity of the electric current) that
makes further work on induction process essential
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